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We consider a two-orbital tight-binding model defined on a layered three-dimensional hexagonal
lattice to investigate the properties of topological nodal lines and their associated drumhead surface
states. We examine these surface states in centrosymmetric systems, where the bulk nodal lines
are of Dirac type (i.e., four-fold degenerate), as well as in non-centrosymmetric systems with strong
Rashba and/or Dresselhaus spin-orbit coupling, where the bulk nodal lines are of Weyl type (i.e.,
two-fold degenerate). We find that in non-centrosymmetric systems the nodal lines and their cor-
responding drumhead surface states are fully spin polarized due to spin-orbit coupling. We show
that unique signatures of the topologically nontrivial drumhead surface states can be measured by
means of quasiparticle scattering interference, which we compute for both Dirac and Weyl nodal
line semimetals.
I. INTRODUCTION
The discovery of time-reversal invariant topological in-
sulating materials with strong spin-orbit coupling (SOC)
triggered an enormous research interest in decoding the
topological phases of matter [1–3]. One of the most im-
portant characteristics of topological materials is the ex-
istence of symmetry-protected metallic modes at the sur-
face of the material, while the bulk shows insulating or
semi-metallic behaviour. This property originates from
the topologically nontrivial ordering of bulk wave func-
tions and is characterized by a band inversion involving
switching of bands of opposite parity around the Fermi
level [4, 5]. The recent theoretical prediction and exper-
imental observation of topological nodal-line semimetals
[6–19], Weyl semimetals [20–30], and Dirac semimetals
[31–43] has redirected the research interest from insulat-
ing topological materials to topological semimetals in the
field of quantum condensed matter physics.
The defining feature of topological semimetals is the
crossing of the conduction and the valence bands in
the Brillouin zone (BZ) near the Fermi energy. These
crossings are topologically protected against gap open-
ing by any perturbation that preserves a certain sym-
metry group. These bulk band degeneracies can occur
at discrete nodal-points or continuous nodal-lines result-
ing in zero-dimensional bulk nodal-points (Weyl/Dirac
semimetals) or one-dimensional bulk nodal-lines (topo-
logical nodal-line semimetals). Weyl semimetals can be
realized when either time reversal or inversion symmetry
is broken, while the stability of Dirac nodal lines is guar-
anteed by time-reversal symmetry combined with inver-
sion symmetry or a crystal symmetry, such as rotation
or reflection. Therefore, a nodal line can either evolve
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FIG. 1. Crystal structure of the three-dimensional layered
system as viewed from the [001] (left panel) and the [010]
(right panel) directions of the hexagonal lattice. Layer 1 (with
B&C atoms) intercalates between the adjacent 2 layers such
that A atoms are aligned with the B atoms in the z-direction.
from a crossing of two bands or two doubly degenerate
bands, thus exhibiting Weyl character or Dirac charac-
ter. In the following we call these two cases Weyl nodal-
line semimetal (WNLS) and Dirac nodal-line semimetal
(DNLS). In the Dirac and Weyl topological semimetal-
lic states, the low-energy excitations are linearly dispers-
ing Dirac and Weyl fermions. In WNLSs and DNLSs,
on the other hand, the Weyl/Dirac fermions are linearly
dispersing in only two momentum directions, while they
are non-dispersive in the third direction, i.e., along the
nodal line.
A nodal line which closes inside the BZ forming a
nodal loop and carrying a topological charge, is associ-
ated with drumhead-like surface states [3, 44–47]. These
surface states are bounded by the projection of the nodal
ring onto the surface, a region looking like the head of
an open drum and hence are called drumhead surface
states. Thus, the intricate interplay between symmetry
and topology of the electronic wave functions gives rise
to the associated two-dimensional drumhead-like surface
states in topological nodal-line semimetals. Topologi-
cal nodal-line semimetals exhibiting line-node bulk states
and associated drumhead surface states present a signif-
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FIG. 2. Upper panel: Bulk energy dispersion at kz=0 along high symmetry lines in the BZ for (a) the Dirac nodal line
semimetal, (b) the Weyl nodal line semimetal with pure Rashba (α = 0.2, β = 0.0) or Dresselhaus (α = 0.0, β = 0.2) SOCs, and
(c) the Weyl nodal line semimetal with mixed Rashba and Dresselhaus (α = β = 0.1) SOC. Here and in the rest of the paper,
energies are measured in units of t⊥.Lower panel: Energy dispersion of the surface density of states as a function of energy
and momentum along high symmetry lines in the BZ for (d) the Dirac nodal line semimetal, (e) the Weyl nodal line semimetal
(WNLS) with pure Rashba SOC (or pure Dresselhaus SOC), and (f) the WNLS with mixed Rashba and Dresselhaus SOC.
icant expansion of topological materials beyond topolog-
ical insulators and nodal point semimetals. They pro-
vide new opportunities to explore the exotic physics of
topological materials. The novel properties of topolog-
ical nodal-line semimetals, like drumhead surface states
[41, 48–50], have opened new possibilities in high-TC su-
perconductivity [10, 45, 51–55] and magnetic order [56],
unique Landau energy levels [57], collective modes from
the novel nodal line structure [58], and anomalies in elec-
tromagnetic and transport response [44, 59–67].
Many nodal line materials have been experimentally
realized recently, like PbTaSe2 [6], Ca3P2 [9, 68] CaAgP
and CaAgAs [16, 42, 69–71]. Other candidate materi-
als include TlTaSe2 [7], fcc alkaline earth metals [72],
hyperhoneycomb lattices [73] and the CaP3 family [74].
Noncentrosymmetric PbTaSe2 [10] and TlTaSe2 [7] have
reflection symmetry at the Ta atomic plane but lack in-
version symmetry, and hence exhibit Weyl rings with
two-fold degeneracy, while fcc alkaline earth metals, hy-
perhoneycomb lattices and Ca3P2 are protected by both
inversion and time-reversal symmetry, and thus display
Dirac rings which are four-fold degenerate. The noncen-
trosymmetric hexagonal ternary pnictides, CaAgP, CaA-
gAs, and SrPtAs are particularly promising candidates,
since they can be grown in single crystal form [69–71, 75–
79].
In this paper, we consider a two-orbital tight-binding
model to study the topological properties of a three-
dimensional layered hexagonal semimetal with both time-
reversal and reflection symmetries. We study the effects
of the presence and absence of inversion symmetry on
the electronic band structure and topology of the surface
states. In particular, we examine how Rashba and Dres-
selhaus spin-orbit couplings modify the properties of the
nodal line and the drumhead surface states.
Furthermore, we compute the quasiparticle interfer-
ence (QPI) patterns for both Dirac and Weyl nodal-line
semi-metals and identify the signature of the drumhead
surface states in these QPI patterns.
II. MODEL
In this section, we survey the topology of the band
structure in a nodal line semimetal by means of a tight-
binding model with two orbitals. These two orbitals
form particle- and hole-like bands, which cross each
other, generating a line-like degeneracy that is topo-
logically protected. We consider two different scenar-
ios with and without antisymmetric spin-orbit coupling
(SOC), describing Weyl and Dirac nodal line semimet-
als, respectively. Our system consists of consecutive two-
dimensional hexagonal layers of s and pz orbitals, which
are invariant under reflection symmetry (Rz) along the z-
direction. Thus, the bands that cross near the Fermi en-
ergy have opposite Rz symmetry eigenvalues, which pre-
vents hybridization, keeping the line nodes in semimet-
als stable against gap opening. Fig. 1 shows the crystal
3structure for this kind of system with lattice parameters
a and c. The orbitals of the tight binding model are lo-
cated at sites A and B, while the C-atoms break inversion
symmetry. Our model can be assumed as a general de-
scription for the realization of topological drumhead sur-
face states in a DNLSs like CaAgP and CaAgAs, as well
as, WNLSs such as the ternary chalcogenides TlTaSe2
and PbTaSe2. In the latter ones, the nodal line lies in
the kz = ±pi plane and closes around the H point of the
hexagonal BZ. The relevant orbitals there are d and px,y,
and the different symmetry eigenvalues come from the
factor eikz/2 for the atom located c/2 above the origin.
A. Dirac nodal line semimetal
We begin our analysis by discussing the Dirac nodal
line semimetals which are invariant under both time-
reversal and spatial inversion symmetry. This implies
that both external magnetic field and antisymmetric
SOC are absent. Without antisymmetric SOC the
particle- and hole-like bands are spin-degenerate. Time-
reversal, inversion, and SU(2) spin-rotation symmetry
together with a non-trivial band topology lead to a pro-
tected four-fold degenerate band crossing, which forms
a nodal ring [9]. Based on this picture, we consider a
spinless two-orbital tight-binding model with the Hamil-
tonian
H0 =µ
∑
i,γγ′
τˆγγ
′
z c
†
i,γci,γ′
−
∑
〈ij〉,γγ′
[
(tij τˆγγ
′
z − it′ij τˆγγ
′
y )c
†
i,γcj,γ′ + h.c.
]
,
(1)
where c†i,γ (ci,γ) is the creation (annihilation) operator
for an electron on site i and orbital γ (= p, d). Here,
tij and t′ij denote intra- and inter-orbital hopping ampli-
tudes. Intra-orbital hopping is both, out of plane between
first neighbours and in-plane between second neighbours,
parametrized by t⊥ and t‖. Inter-orbital hopping is in
between the layers and parametrized by t′.
Moreover, τˆi (i = x, y, z) are the Pauli matrices in
orbital space and µ is an on-site energy, with opposite
sign for p and d orbitals. For the numerical calcula-
tions, we set the values of the physical parameters to
(µ, t‖, t⊥, t′) = (3, 0.6, 1, 0.5). In momentum space, the
Hamiltonian in Eq. (1) is given by
H0 =
∑
k,γγ′
[
ε1(k) τˆγγ
′
z + ε2(k) τˆγγ
′
y
]
c†k,γck,γ′ , (2a)
where
ε1(k) = µ− 2t⊥ cos(kzc)
− 2t‖
[
2 cos(3kxa2 ) cos(
√
3kya
2 ) + cos(
√
3kya)
]
(2b)
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FIG. 3. (a) The contribution to the Berry phase for one
spin component in a Dirac nodal line semimetal. (b) The
local density of states (LDOS) of the surface layer Note: The
above results are very similar in all cases for a Dirac nodal line
semimetal, a Weyl nodal line semimetal with pure Rashba or
pure Dresselhaus SOC, and a Weyl nodal line semimetal with
mixed Rashba and Dresselhaus SOC.
and
ε2(k) =− 2t′ sin(kzc/2). (2c)
Figure 2(a) shows the energy dispersion of Hamilto-
nian (2) along the KΓMK-path within the kz = 0 plane
of the BZ, which is invariant under Rz. It can be seen
that around the Γ point, two two-fold degenerate hole-
and electron-pockets cross each other, generating a four-
fold degenerate Dirac nodal ring. Figure 4(a) depicts the
whole Dirac nodal ring at the kz = 0 plane in the hexag-
onal BZ.
The Berry phase picked up by a closed path is pi when-
ever the nodal line is encircled and zero otherwise, show-
ing the topological charge of the nodal line. We show the
Berry phase calculated along kz in Fig. 3(a). More de-
tails on the calculation of the Berry phase are presented
in Appendix B.
Now we show that the nontrivial topology of this nodal
ring manifests itself as a so called drumhead surface state.
For this purpose, we consider the system as a bundle
of parallel two-dimensional xy-slabs (n = 1, 2, ..., Nz)
piled upon one another in the z-direction. The bound-
ary condition is periodic on each slab and open along
the z-direction. Using the partial Fourier transforma-
tion c†k,γ = 1Nz
∑
n e
ikzznc†k‖,n,γ , with k‖ = (kx, ky), the
bulk BZ will be mapped into the slab geometry configu-
ration on the new basis Φ†n,k‖ = (c
†
n,k‖,d, c
†
n,k‖,p), by the
boundary condition Φ0,k‖ = ΦNz+1,k‖ = 0 within the
two-orbital model, and n = 1, . . . , Nz. In this basis the
Hamiltonian is given by [80, 81]
Hk‖ =
Nz+1∑
n=0
Φ†n,k‖
(
TΦn−1,k‖ +MΦn,k‖ + T †Φn+1,k‖
)
.
(3)
The hopping matrix T connects two consecutive slabs,
while M contains hopping terms within a slab as well as
on-site energies. Both the intra- and inter-orbital contri-
butions are present in the hopping matrices T and M ,
4FIG. 4. Momentum dependency of the spectral functions
and their spin polarizations for drumhead surface states. (a-
c) Bulk Fermi surfaces within the kz = 0 correspond to the
nodal rings. The subplots (d-f) show the momentum-resolved
surface density of states ρn=1(k‖, ω = 0). The solid lines
indicate the first BZ. In the first two rows, the left, middle
and right rows represent (a,d) a DNLS, (b,e) a WNLS with
pure Rashba/Dresselhaus, and (c,f) a WNLS with the same
strengths of Rashba and Dresselhaus SOCs, respectively. The
third and fourth rows indicate the x- and y- components of
the spin-resolved surface spectral function ρin=1(k‖, ω = 0)
for the WNLS with (g,j) Rashba, (h,k) Dresselhaus, and (i,l)
mixed SOC. The labels are (kx, ky) with units of pi/a.
which are given by:
M = ε˜1(k‖)τˆz − t′τˆx;
T =− t⊥τˆz − 12 t
′(τˆx − iτˆy).
(4)
Here ε˜1 is given by Eq. (2b), but without the kz depen-
dent terms.
For k‖ within the projected nodal ring, there is a band
inversion and there are surface bound states among the
eigenstates of the slab Hamiltonian (3), which decay ex-
ponentially along the z-direction into the bulk. These
surface states are a manifestation of the topological prop-
erties of the system. To reveal these surface states it is
FIG. 5. QPI patterns for the spinless case at different bias
ω= -0.5, 0.0 and +0.5. The axis in the color plot are (qx, qy)
in untis of pi/a. The lower plot shows a cut along the dashed
line.
useful to compute the local density of states (LDOS),
Nn(ω), for a given slab n. The LDOS is computed by
use of the Matsubara and retarded Green’s functions,
which are defined for the slab geometry as Gˆ(k‖, iω) =
(iω − Hk‖)−1 and Gˆret(k‖, ω) = Gˆ(k‖, iω → ω + i0+),
respectively. With this, the LDOS for the nth slab is
obtained as
Nn(ω) = − 1
pi
∑
k‖
Im
[
Tr
[
Gˆretnn (k‖, ω)
]]
, (5)
and the momentum-resolved LDOS reads
ρn(k‖, ω) = −2Im
[
Tr
[
Gˆretnn (k‖, ω)
]]
, (6)
where the trace runs over orbital and spin degrees of free-
dom. In Fig. 2(d) we present the momentum-resolved
spectral function (momentum-resolved density of states)
for the surface slab of the DNLS along high-symmetry
lines in the BZ. This reveals the formation of topological
surface states around the Γ point, in the interior of the
bulk Dirac nodal ring. Indeed, the surface modes can be
easily observed as an in-gap drumhead surface state in
the momentum-resolved spectral function of the surface
slab inside the hexagonal BZ [see Fig. 4(d)]. These two-
dimensional drumhead surface states are bounded by the
projection of the one-dimensional bulk Dirac nodal ring
onto the surface. Fig. 3(b) shows the k-integrated LDOS
of the surface layer. While a nodal line semimetal has
a vanishing DOS at Fermi level in the bulk, the surface
states contribute to a non-vanishing value. The energy
range of their dispersion is marked by Van Hove singu-
larities
Quasiparticle interference (QPI) is an efficient tool to
observe topological surface states in different classes of
topological materials [82, 83]. It can provide useful in-
formation about the topological properties of the surface
5electronic band structure. QPI patterns can be exper-
imentally obtained from the Fourier transformation of
spatially modulated STM data, due to the elastic scat-
tering of quasiparticles by an impurity potential V . In
the framework of the full Born approximation, QPI for a
point like impurity is proportional to the variation of the
LDOS and obtained by [84, 85]
QPI = δN(q‖, ω) = −V
pi
Im[Λ(q‖, iω)]iω→ω+i0+ . (7)
Using the T -matrix formalism for a slab geometry [80],
the QPI function Λ(q‖, iω) is given by
Λ(q‖, iω) =
1
N
∑
k‖
Tr[%ˆ0Gˆ(k‖, iω)Gˆ(k‖ − q‖, iω)]. (8)
Here, the interaction matrix %ˆi = τ0σi acts on the or-
bital and spin space and distinguishes charge and spin
channels, N is the number of grid points. In Fig. 5 we
present the QPI at different energies. From (8) one can
see that major contributions to the sum are given when
both Greens functions have poles simultaniously at k‖
and k‖−q‖, i.e. E1(k‖) ≈ E2(k‖−q‖) ≈ ω. Fig. 5 should
therefore be compared to the corresponding momentum-
resolved spectral function in Fig. 4(d) at the given ω. As
mentioned above, the non-vanishing LDOS at Fermi level
is due to the surface states, while the bulk contribution
vanishes. As a consequence, the QPI is dominated by the
surface states as well at those energies.
We observe that the QPI patterns exhibit divergences
when q‖ connects the surface states at the given ω on
opposite sites of the ring, as shown in the case ω = −0.5.
The sharply defined dispersion of the surface states also
results in a sign change at the divergence, while the bulk
state contribution is smooth, since they form a contin-
uum, e.g. at ω = 0.5 where no surface states are present.
Note that the radius of the QPI pattern is twice the ra-
dius of the ring at a given energy. As we approach ω = 0
from below, the divergences appears at larger |q‖| up to
twice the radius of the nodal line. At the same time, the
surface states become less localized and merge with the
bulk states eventually, such that no clear signature from
the surface states can be seen at ω = 0.
While the surface state dispersion and therefore the
precise form of the QPI patterns depend on the band
dispersion of the material, the overall features should be
stable under deformations. Especially the sharp diver-
gence and the sign change is a telltale signature of the
drumhead surface state, which can be used in STM-based
QPI experiments as a fingerprint of the topological sur-
face state.
B. Weyl nodal line semimetal with antisymmetric
SOC
Let us now discuss how the lack of inversion symme-
try affects the topology of a nodal line semimetal. Due
FIG. 6. Energy dispersion of left: x-, and right: y-
components of the spin-resolved “surface density of states”
along high-symmetry lines of the BZ for (a,d) the Weyl nodal
line semimetal (WNLS) with pure Rashba SOC, (b,e) the
WNLS with pure Dresselhaus SOC, and (c,f) the WNLS with
mixed Rashba and Dresselhaus SOC.
to breaking of spatial inversion symmetry through the
additional atoms in the unit cell, space group of the can-
didate materials considered here is D3h (189). This al-
lows for the spin degeneracy to be lifted, resulting in
a horizontal shift in k space in opposite directions for
bands of opposite spin upon inclusion of SOC. As a con-
sequence, nodal-line systems without inversion symmetry
exhibit Weyl nodal rings with only two-fold degeneracy,
which are protected by reflection symmetry along the
z-direction. Lack of inversion symmetry induces an an-
tisymmetric Rashba or Dresselhaus SOC. The real space
Hamiltonian of the WNLS with Rashba and Dresselhaus
SOCs is given by
H =H0 + i α2
∑
〈ij〉,γγ′,σσ′
τˆγγ
′
z (σˆ × rˆij)σσ′c†i,γ,σcj,γ′,σ′
+ i β2
∑
〈ij〉,γγ′,σσ′
τˆγγ
′
z ( ˆ˜σ · rˆij)σσ′c†i,γ,σcj,γ′,σ′ ,
(9)
where α and β are the strengths of Rashba and Dressel-
haus SOC. Furthermore, σ and σ′ are spin indices and
ˆ˜σ = (σˆx,−σˆy). In momentum space, the Hamiltonian is
6given by
H =H0 + α
∑
k,γγ′,σσ′
τˆγγ
′
z (gRk · σˆ)σσ′c†k,γ,σck,γ′,σ′
+ β
∑
k,γγ′,σσ′
τˆγγ
′
z (gDk · σˆ)σσ′c†k,γ,σck,γ′,σ′ ,
(10)
where gRk and gDk are Rashba and Dresselhaus spin-orbit
g-vectors and are defined as
gRk =
√
3a sin(
√
3kya
2 )
[
cos(3kxa2 ) + 2 cos(
√
3kya
2 )
]
xˆ
− 3a sin(3kxa2 ) cos(
√
3kya
2 ) yˆ,
and
gDk =3a sin(
3kxa
2 ) cos(
√
3kya
2 ) xˆ
−
√
3a sin(
√
3kya
2 )
[
cos(3kxa2 ) + 2 cos(
√
3kya
2 )
]
yˆ.
Under the operation of parity (k→ −k) both spin-orbit
g-vectors are antisymmetric, i.e., gR/D−k = −gR/Dk . More-
over, Eq. (10) shows that Rashba and Dresselhaus SOCs
play the role of momentum-dependent Zeeman fields,
thereby splitting the spin degeneracy. Since SOC in this
form mixes only states of equal Rz eigenvalues, the line
node is still protected by reflection symmetry.
The energy dispersions of the bulk Hamiltonian (10)
at kz = 0 along the KΓMK-path in the presence of a
pure Rashba SOC, pure Dresselhaus SOC, and an equal
combination of both Rashba and Dresselhaus SOCs
are shown in Figs. 2(b) and Figs. 2(c). Due to the
presence of antisymmetric SOC, the bulk bands are now
spin split. This splitting can be observed in Fig. 4(b),
where two separate and concentric Weyl nodal rings
are present. Our calculations yield identical results for
the case of pure Rashba SOC and pure Dresselhaus
SOC. However, mixing of Rashba and Dresselhaus SOC
leads to an anisotropic nodal structure in the BZ. We
show this in Fig. 4(c) for α = β (i.e., equal strengths of
Rashba and Dresselhaus SOCs), in which case the two
nodal rings intersect each other along the [11¯] direction.
This anisotropy can also be seen in the asymmetry of the
dispersion in K→ Γ and Γ→ M directions in Fig. 2(c).
With the same approach as for the case of DNLSs, we
investigate the surface states and the topological proper-
ties of WNLSs using an xy-slab geometry. However, for
WNLSs, we now need to take the spin degrees of freedom
into account . The slab Hamiltonian for the WNLSs is
of the same form as Ref. [3], but with the following spin-
dependent hopping matrices
M=
[
ε˜1(k‖)τˆz − t′τˆx
]
σˆ0 + [αgRx (k‖) + βgDx (k‖)]τˆzσˆx
+ [αgRy (k‖) + βgDy (k‖)]τˆzσˆy,
T =−
[
t⊥τˆz +
1
2 t
′(τˆx − iτˆy)
]
σˆ0,
(11)
where σˆi operates in spin space and gR/Dx and gR/Dy are x-
and y- components of the Rashba/Dresselhaus g-vectors.
Figs. 2(e) and 2(f) portray the momentum-resolved spec-
tral function for the surface slab of the WNLS with pure
Rashba/Dresselhaus and their combination with equal
strengths. The horizontal shifts in the band structures
due to SOC is clearly observed. In addition, one can
see that in the presence of both Rashba and Dresselhaus
SOC, the topological surface states become anisotropic.
In Figs. 4(e) and 4(f) we present the momentum-resolved
spectral functions at zero energy, ω = 0, for the surface
slab of the WNLSs. Figure 4(e) corresponds to a WNLS
with pure Rashba/Dresselhaus SOC. Here, two isotropic
and concentric drumhead surface states are observed. In
Fig. 4(f), one can see two shifted drumhead surface states
of equal width, which stem from an interplay between
Rashba and Dresselhaus SOC with equal strengths.
C. Spin texture of Weyl nodal line semimetals
Antisymmetric SOC splits the spin degeneracy of the
bands, thereby creating a nontrivial spin texture of the
bulk and surface band structure of WNLSs. Therefore,
compared to a DNLS, the band structure in a WNLS is
strongly spin polarized. Due to the locking of orbital and
spin degrees of freedom by SOC, none of the spin and mo-
mentum can be supposed as well-defined quantum num-
bers. Consequently the Hamiltonian doesn’t remain di-
agonal in spin space. For diagonalizing the Hamiltonian
of a WNLS, one has to change the basis to the helicity
basis (|±〉). In the helicity basis, the expectation values
of the different components of the spin operator, Sˆi, are
given by
〈Sˆi〉± = 〈±|Sˆi|±〉 = ±gˆik, (12)
with gˆik = gik/|gk|. Along the Γ → M path the mo-
mentum component ky is zero, ky = 0, and consequently
Eq. (12) implies that gˆxk and gˆ
y
k are zero in a WNLS
with pure Rashba and pure Dresselhaus SOC, respec-
tively. Therefore the x-component (y-component) of the
spin polarization of the WNLS with pure Rashba (pure
Dresselhaus) SOC is zero in the above-mentioned direc-
tion.
In the same way as in the bulk, the spin degeneracy
of the surface states of the WNLS is lifted and they be-
come spin polarized. To examine the spin texture of the
7topological surface states, we are using the spin-resolved
spectral function. For the nth slab it is defined as
ρin(k‖, ω) = −2Im
[
Tr
[
SˆiGˆretnn (k‖, ω)
]]
, (13)
where Sˆi = τ0 12σi. As seen in Figs. 4(g)-4(i), antisym-
metric Rashba and Dresselhaus SOC generate two con-
centric spin-polarized drumhead surface states, whose to-
tal spin polarizations are inside the xy-plane. One can
clearly observe that the Weyl nodal rings are fully spin-
polarized in opposite directions. Figures 6(a-f) show
the x- and y-components of the spin-resolved spectral
functions along the KΓMK-path for the first slab of a
WNLS with (a,d) pure Rashba SOC, (b,e) pure Dres-
selhaus SOC, and (c,f) mixed Rashba and Dresselhaus
SOC.
In order to investigate the effect of SOC via QPI, we
have to move from non-magnetic to magnetic impurities.
Scattering at non-magnetic impurities allows for scatter-
ing between states of the same spin orientation. From the
spin polarization of the surface states it becomes clear,
that the contribution from the surface states is given by
inter-surface state scattering only. Therefore, the shift in
the radius of the two nodal lines is not visible and the
pattern looks almost identical to the spinless case.
For a magnetic impurity in z-direction, which can be
controlled by applying a small magnetic field, the scatter-
ing involves a spin flip for all states, since they are all in
the xy-plane. For this case, Eq. (8) in the calculation of
the QPI pattern contains the spin matrix of the impurity
and is modified to
Λ(3,3)(q‖, iω) =
1
N
∑
k‖
Tr[%ˆ3Gˆ(k‖, iω)τ0σ3Gˆ(k‖−q‖, iω)].
(14)
The spin resolved QPI in z-direction for such an impu-
rity is sensitive to the intra-band scattering only, while all
inter-band contributions are suppressed now. We present
the patterns for the above mentioned cases in Fig. 7.
Each of the surface states contributes their own diver-
gence when q equals the diameter, leading to the double
ring structure.
III. CONCLUSIONS
In this paper, we have studied the topological surface
states of Dirac and Weyl nodal-line semimetals, whose
nodal lines are protected by reflection and time-reversal
symmetry. In the presence of spatial inversion symme-
try, our two-orbital tight-binding model corresponds to
a Dirac nodal line semimetal with a four-fold degenerate
band crossing, supporting the realization of spin degen-
erate drumhead surface states. In the absence of inver-
sion symmetry, by including antisymmetric Rashba and
Dresselhaus SOC, our model describes a topological Weyl
semimetal with two-fold degenerate nodal rings. We have
shown that pure Rashba and pure Dresselhaus SOC have
FIG. 7. Spin resolved QPI at ω = −0.5 for a magnetic
impurity with the magnetic moment pointing along z for
(a) Rashba or Dresselhaus SOC and (b) the case of com-
bined Rashba and Dresselhaus SOC. The axes are spanned
by (qx, qy) in units of pi/a.
the same effects on the topology of the electronic band
structure and the surface states. In addition, we have
found that in the presence of mixed Rashba and Dres-
selhaus SOC, the Weyl nodal rings become anisotropic.
Since antisymmetric SOC lifts the spin degeneracy, the
drumhead surface states of Weyl nodal line semimetals
are strongly spin-polarized with a spin polarization vec-
tor within the xy-plane. By evaluating the Berry phase,
we have demonstrated that the drumhead surface states
of the Dirac and Weyl nodal-line semimetals arise from
the non-trivial topology of the band crossing in the bulk.
We have also computed the quasiparticle interference
(QPI) patterns for the surface of Dirac and Weyl nodal-
line semimetals and have shown that these interference
patterns contain unique signatures of the drumhead sur-
face states. Namely, for the Dirac nodal-line semimetal
there appears a single ring, both in the ordinary and in
the spin-resolved QPI patterns (Fig. 5). However, for
the Weyl nodal-line semimetal there appear two rings
in the spin-resolved QPI pattern, see Fig. 7. We have
checked that these features do not depend on the partic-
ular parameter choice. They are therefore generic to any
nodal-line material and should be observable in Fourier-
transform scanning tunnelling spectroscopy. The wave-
length of the Friedel oscillations, giving rise to the ring
in the QPI pattern, depends on the size of the Dirac or
Weyl nodal ring in the bulk. For example, in CaAgAs
the nodal ring has a radius of about 0.1 A˚−1 [42], while
in PbTaSe2 it is about 0.2 A˚−1 [6]. Hence, the Friedel
oscillations have a wavelength of about 10 – 30 A˚, which
should be measurable in STM experiments. With regards
to energy resolution, we find that the gap within which
the drumhead state exists, is typically of the order of
a few 100 meV and the SOC is typically about 50-100
meV [6, 7, 42]. These energy scales are easily resolvable
with STM. We hope that our findings will stimulate such
experiments.
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Appendix A: Theory of QPI for a semimetal
Here we develop the theory of QPI for a Dirac or Weyl
nodal line semimetal in the presence of particle-hole sym-
metry. We employ the Matsubara Green’s function in a
generalized orbital and spin space, which is described by
the field operator ψ†k = (c
†
k,d,↑, c
†
k,d,↓, c
†
k,p,↑, c
†
k,p,↓). The
Green’s function on this space is given by
Gˆ(k, iω) =
[
Gˆ+(k, iω) Fˆ(k, iω)
Fˆ†(k, iω) Gˆ−(k, iω)
]
, (A1)
where in a 2×2 spin space representation, Gˆ±(k, iω) and
Fˆ(k, iω) are Matsubara Green’s functions for intra- and
inter-orbital hopping, respectively. In the presence of
spin-orbit coupling, the bare Green’s functions are ex-
pressed as
Gˆ±(k, iω) = 12
∑
ξ=±1
(σˆ0 + ξgˆk · σˆ)G±ξ (k, iω),
Fˆ(k, iω) = 12
∑
ξ=±1
Fξ(k, iω)σˆ0,
(A2)
where gˆk = gk/|gk| with
G±ξ (k, iω) =
iω ± ε1(k)± ξ|gk|
(iω)2 − E2kξ
,
Fξ(k, iω) = −iε2(k)(iω)2 − E2kξ
,
(A3)
in which
Ekξ =
√(
ε1(k) + ξ|g|
)2
+ ε22(k) (A4)
is the energy dispersion with helicity ξ. The modulation
of LDOS is calculated by taking the effect of scattering
from magnetic or nonmagnetic impurities into account.
The impurity Hamiltonian has the form
Himp =
∑
kqδ
V (q)ψ†k+q%ˆ
δψk, (A5)
where {%ˆδ} = τ0σδ is the spin of the impurity site. The
case δ = 0 corresponds to scattering from a nonmagnetic
impurities and the cases δ(= x, y, z) are related to scat-
tering via magnetic impurities. The changes in the STM
tunneling conductance due to impurity scattering can be
evaluated by
d(∆Iδ)
dV
∼ ∆Nδδ′(r, ω = V )
= − 1
pi
Im
[
Trσ%ˆδ∆Gˆδ′(r, r, ω)
]
,
(A6)
where, ∆Gˆδ′ is the change of 4 × 4 matrix of Green’s
function due to impurity scattering from a charges (δ′ =
0) or magnetic (δ′ = x, y, z) impurity.
It is common to define QPI as the Fourier transformed
modulation of the LDOS from the scattering at an im-
purity,
∆Nδδ′(q, ω) = − 1
pi
∑
r
eiq·rTrσ
1
2i
[
%ˆδ∆Gˆδ′(r, r, iω)−
(
%ˆδ∆Gˆδ′(r, r, iω)
)∗]
iω→ω+i0+
= − 12piiTrσ
[
%ˆδ∆Gˆδ′(q, iω)− %ˆ∗δ∆Gˆ∗δ′(−q, iω)
]
iω→ω+i0+
.
(A7)
In weak scattering limit, by ignoring the possibility of bound state formation, the differential conductance is stated as
∆Nδδ′(q, ω) = − 12piiVδ′(q)
[
Λδδ′(q, iω)− Λ∗δδ′(−q, iω)
]
iω→ω+i0+
, (A8)
9where
Λδδ′(q, iω) =
1
N
∑
k
Trσ
[
%ˆδGˆ0(k, iω)%ˆδ′Gˆ0(k− q, iω)
]
, (A9)
and N is the number of grid points and Gˆ0 is the Greens function of the unperturbed system. When Λδδ′ is symmetric
in q, the bracket in Eq. (A8) reduces to ImΛδδ′(q, iω). Finally, the QPI function Λδδ′ is obtained as [84, 85]
Λ00(q, iω) =
1
4N
∑
kξξ′
[(
1 + ξξ′(gˆk · gˆk−q)
)
Kkqξξ′(iω) +K
′kq
ξξ′ (iω)
]
;
Λii(q, iω) =
1
4N
∑
kξξ′
[(
1− ξξ′(gˆk · gˆk−q − 2gˆikgˆik−q
)
Kkqξξ′(iω) +K
′kq
ξξ′ (iω)
]
,
(A10)
with the integration kernels
Kkqξξ′(iω) =
[iω + ε1(k) + ξ|gk|][iω + ε1(k− q) + ξ′|gk−q|]
[(iω)2 − E2kξ][(iω)2 − E2k−qξ′ ]
; K ′kqξξ′ (iω) =
ε2(k)ε2(k− q)
[(iω)2 − E2kξ][(iω)2 − E2k−qξ′ ]
. (A11)
Appendix B: Berry phase
The Berry phase is obtained through the eigenvalues
of the Wilson loop matrix for a closed path enclosing the
nodal ring. For a closed loop, the Berry phase P is given
by
P(kx, ky) = i ln[det(WL(kx, ky))], (B1)
where the discrete Wilson loop matrix is given by the
product of the link matrices, Un, made up by the occu-
pied bands |ui(kn)〉 at each step kn → kn+1 along the
closed path k0 → kN = k0 + G, with G as the lattice
translation vector of the reciprocal lattice,
WL =
N−1∏
n=0
Un
|det(Un)| , (B2)
by the link matrix’s elements defined as
U ijn = 〈ui(kn)|uj(kn+1)〉. (B3)
Whenever the Berry phase P(kx, ky) 6= 0, a nontrivial
in-gap state appears for (kx, ky) at the surface BZ. The
non-trivial Berry phase for band crossing around Γ in BZ
guarantees the stability of topological drumhead surface
states [See Fig. 3(a)].
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